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ABSTRACT 
First, a generalization of the Schur determinantal formula is given. Using proper- 
ties of quasidirect sums of matrices, a new characterization of the Schur complement 
is proved. 
1. INTRODUCTION 
As is well known, Schur’s formula [4] states that for a square matrix 
with A,, nonsingular, 
det A=det A,,det( A, -A,,ATA12). (1) 
The matrix A,, -A,,A,‘A,, has been called [3] the Schur complement of 
A,, in A, and its manifestations have been studied [l]. 
If we denote by r(M) the rank of the matrix M, the following is well 
known (21: 
r(A,, -A,&‘A ,d=r(A)--r(A,,). 
In the sequel, we shall call a submatrix M, of a matrix M maximal if M, is 
nonsingular and has order r(M). 
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2. RESULTS 
MIROSLAV FIEDLER 
We prove first a determinantal formula: 
THEOREM 2.1. Let A, B, C he matrices satisfying A= B + C. If 
are conformal partitions and B,,, C,, are maximal, then 
Proof. By (2) and the maximality of B,, and CZz, 
B,, = BzlB,,‘B 12’ Cl, = Cl,C& lc 21’ 
Thus, I, and 1, denoting identity matrices of appropriate sizes, 
so that 
(3) 
I,-B,‘B12C2;‘C2, B,‘(B,2+C12)C,-’ 
0 I,-B2,B,‘C12C2~’ 
(4) 
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Since 
det( I, -B,‘B,&~‘C,,)= 
de4 % - B,2C2i ‘c2, > 
det B,, 
by (I), and 
det(Z,-B,,B,‘C,,C,-‘)= 
(3) follows from (4). n 
REMARK 2.2. From (4), one can also obtain a formula for A-‘. 
REMARK 2.3. In view of (l), (3) can be written in other forms: 
detA=det(B,,-C12C&1B2i)det(C22-CsrB~1B12), 
detA=det(B,,-B,,C~1C2,)det(C,2-B2,B~1C,,). 
Thus, if 
(3’) 
(3”) 
for A,, (as well as A,,, which can be omitted by a continuity argument) 
nonsingular, then choosing 
we obtain from (3’) Schur’s formula (1). 
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COROLLARY 2.4. IfA=B+C, if 
are conform& partitionings, and if B,,, C,, are maximal, then A is rwnsingu- 
Ear iff both mutrices 
are nonsingular. 
In the sequel, we shall call a matrix A a quasidirect sum of the matrices B 
and C if A = B-t- C and there exist nonsingular matrices P, Q and matrices 
B,, C, of appropriate sizes such that 
C=P; ,q,Q 
i 1 
(6) 
(with conformal partitionings). The matrices B and C are then called quasidi- 
rect components of A. 
The following theorem is easy to prove: 
THEOREM 2.5. Let A, B, C he matrices, A = B + C. Then the following are 
equivulent : 
(1) A is u quasidirect sum of B and C; 
(2) the row space of A is a direct sum of the row spaces of B and C; 
(3) r(A)=r(B)+r(C); 
(4) the column space of A is a direct sum of the column spaces of B and 
(5) if x and y are column vectors satisfying Bx= Cy, then Bx= 0; 
(6) if u and v are row vectors satisfying uB=vC, then uB=O. 
EUMPLE 2.6. If A is a matrix with linearly independent columns and 
A=(A,, A,) is any partitioning, then A=B+C with B=(A,,O), C=(O, A,) 
is quasidirect. 
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EXAMPLE 2.7. If 
and A,, is nonsingular, then A = B + C with 
is quasidirect. 
The statement in Example 2.7 is, of course, a trivial consequence of (2). In 
the following theorem we shall strengthen this observation: 
THEOREM 2.8. Zf A,, is a nonsingular s&matrix of the matrix 
then a (confonnally partitioned) matrix is a quasidirect component 
of A with maximum possible rank iff X is the Schur complement A,, - 
A,,A;:A,, of A,, in A. 
Proof. Since ( :I1 2 j for M=A,,A,‘A,, has rank r( A,,) and this 
cannot be diminished&:he “if” part follows from Example 2.7. The “only if” 
part is an easy consequence of the fact that M=A,,A,‘A,, is the only matrix 
forwhich (tl: 2) hasrankr(A,,). n 
The proof of the following theorem is also left to the reader: 
THEOREM 2.9. Let A = B+ C be a quasidirect sum for a nonsingular 
matrix A. Then there exists a unique sum A-’ = B, + C, satisfying 
B,C=CB,=C,B=BC,=O, (7) 
and this sum is also quasidirect. 
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REMARK 2.10. The matrices %,, C, have, of course, additional properties 
that 
r(B,)=r(B), r(C,)=r(C), 
BB, + cc, = I, %,%+C,C=I. 
If P, Q, B,, Co are matrices from (5) and (6), then %, and C, are nonsingu- 
lar and 
%,=Q-l K’ 0 p-l, 
i I 0 0 
REMARK 2.11. It is easily checked that in Example 2.6, if A is nonsingu- 
lar, B, and C, are obtained as 
B,= a1 ( 1 0 ’ cl= i2 ( I 
where 
a1 ( 1 a2 is the transposed partitioning of A-’ to that of A. 
In the concluding theorem, let us show what corresponds to the quasidi- 
rect sum from Example 2.7: 
THEOREM 2.12. Let a nonsingular matrix A be partitioned as 
with A,, nonsingular. Let (zi: zi) be the conformal partitioning of A-‘. 
Z’hen az2 is non.singular and, for the quasidirect sum A = B + C, 
All 0 0 
%= 
AZ, 0 A,, --A~&%, 
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the corresponding quasidirect sum A-’ = B, + C, is obtained for 
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Proof Follows immediately by checking the properties (7). n 
REMARK 2.13. The approach of the Schur complement completed by 
zeros as a quasidirect component of a matrix A with maximum rank (if the 
“complementary” matrix is nonsingular) allows a-more or less formal- 
generalization of this notion to the case that the complementary submatrix is 
not a comer block. 
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